Significant progress has been made in aeroelastic analysis of an isolated airfoil, mostly under the assumption of a steady freestream. In reality, however, the inflowing freestream is often pulsating. Therefore, this paper presents a stability analysis of an isolated airfoil under pulsating freestream conditions and a forced response analysis of an isolated rotor blade rotating at a constant angular velocity. First, a new unsteady vortex lattice model with an unsteady freestream flow has been developed in discrete time domain to examine unsteady aerodynamic forces acting on a vibrating airfoil. Second, the airfoil's aeroelastic behavior has been analyzed using a typical section method. The two-dimensional analysis requires a structural dynamic solution coupled with aerodynamic calculation. In the aeroelastic analysis, the occurrence of flutter and the instability onset of an airfoil under pulsating freestreams are predicted using Floquet analysis. Finally, the forced response of a rotating airfoil due to a combination of a time-varying angle of attack and a time-varying freestream has been examined. 
I. Introduction
eroelastic analysis is needed to examine the forced and self-excited (i.e. flutter) response of aircraft wings or turbomachinery blades. In turn, aeroelastic analysis requires a coupling between unsteady aerodynamics and structural dynamics. The modeling of unsteady aerodynamics can be conducted in either frequency or time domain. Often, aeroelastic stability analysis is carried out in the frequency domain (e.g. V-g method and p-k method). In the frequency domain, the flow unsteadiness is assumed to be a small harmonic (i.e. e iωt ) perturbation about the mean flow. Using such methods, Ehlers & Weatherill 1 and Whitehead 2,3 calculated unsteady aerodynamic forces acting on an isolated airfoil, and a cascade, respectively.
On the other hand, a time domain analysis can give information regarding temporal evolution of aerodynamic and structural behavior. To obtain time domain models, the unsteady aerodynamic forces in the frequency domain have been approximated as a rational function using the Laplace transform techniques. 4, 5 resulting in an aeroelastic model with an increased size due to the augmented aerodynamic states. To obtain aerodynamic models directly in the time domain, Hall has proposed a reduced-order model for unsteady aerodynamic forces in airfoils, cascades, and wings in discrete time domain. 6 Kim et al. extended the method to continuous time domain, and eliminated the bound vortex using a static condensation. 7 However, such analyses have been limited to time-invariant, steady freestream inflow conditions.
Fundamental solutions for an oscillating airfoil under a steady flow were given in closed form by Theodorsen, 8 and in operational form by Sears. 9 Later, the effects of pulsating freestream conditions on the unsteady aerodynamics of an oscillating airfoil were also analyzed by several authors. 10, 11 To the authors' best knowledge, the first attempt to derive a closed form solution for pulsating freestream conditions was made by Isaacs. 12 At about the same time, Greenberg 13 extended Theodorsen's theory to include pulsating freestream conditions. Dugundji and Bundas calculated unsteady aerodynamic forces on a rotating blade row under non-uniform inflow conditions to investigate the cascade's forced response. In this case, the flow non-uniformity in the absolute frame results in unsteady free-stream conditions for rotating blades. They assumed a small non-uniformity and did not account for its influence on stability.
14 Despite such efforts, the effects of arbitrary magnitudes and frequencies of freestream pulsations on aerodynamics and airfoil stability still remain unknown. This paper presents a new unsteady aerodynamic model, a stability analysis, and forced response of an airfoil under freestreams with arbitrary magnitudes and frequencies of unsteadiness. A new unsteady vortex lattice model for an isolated airfoil in a pulsating freestream is first presented. Subsequently, the airfoil's stability under pulsating freestream flow conditions is discussed. Finally, the forced response of an isolated rotating blade under arbitrary non-uniformities in freestream is examined.
II. Model Description

A. Unsteady Aerodynamic Model
The unsteady aerodynamic forces on an isolated airfoil have been calculated using a two-dimensional unsteady vortex lattice method (Fig. 1) . The vortices have been divided into bound and free vortices -the former is located on A the airfoil and the latter in the trailing wake. Point vortices are located on the airfoil and in the wake at the quarter chord of the total of N panels. The downwash due to the vortices n i w is computed on the airfoil at the three-quarter chord of M locations.
[ ]
The downwash n i w is a (M x 1) vector containing the downwash at time level n, and it is affected by incident vertical gusts as well as motion of the airfoil itself. 
where x i is the location of the i-th collocation point, and ξ j is the location of the j-th vortex. In a pulsating flow, the location of the bound vortex, ξ j ( j = 1,…, M ), is time-invariant, because the vortex elements can be assumed to be equal size Δx on the airfoil. However, the location of the wake vortex, ξ j (t)( j = M+1,…, N ), is time-varying, because the elemental length changes according to Δx(t)=U(t)Δt. Thus, the location of the wake vortex is
where the freestream velocity U(t) is arbitrarily time-varying. If, for example, the freestream velocity is sinusoidal, then
The conservation of the vorticity dictates that,
For convection of free wakes with speed U(t) in discrete time domain, With the weighting factor α in Eq. (7) one can cut off the infinitely long wake vortex at a finite length. For an isolated airfoil, Hall has suggested 0.95<α<1. 6 Combining the kernel function [Eq. (1)], the vorticity conservation equation [Eq. (4)], and the equations for the convection of free wakes [Eqs. (6) and (7)], the aerodynamic equations can be expressed as
where the operating matrix on the left hand side is not inverted. Therefore, the solution at time level n+1 can be expressed in terms of the solution at time level n by eliminating the bound vortex n 1 Γ using static condensation.
Solving for n 1
Γ from the kernel function, Eq. (1) gives
Equation (9) is then substituted into Eq. (8) to give,
Once,
Γ , the unsteady lift and moment about the elastic axis can be obtained as
where the freestream velocity U is time-varying, and γ, ρ, e, b are the vorticity per unit length, the density, the distance from the midchord to the elastic axis, and the half chord of the airfoil, respectively. Discretization of Eqs. (11) and (12) gives the unsteady lift and moment acting on the airfoil as follows.
B. Aeroelastic Model
To model an aeroelastic system, the unsteady aerodynamic model is coupled with a structural dynamic model of a typical section of the airfoil. The equations of motion in plunging and pitching in continuous time domain are
where the typical section has mass m, moment of inertia I α , bending stiffness K h , torsional stiffness K α , distance from midchord to elastic axis x α , and surface area S. The plunging displacement h is positive downward, and the pitching angle α is positive nose-up. The non-dimensional form of Eq. (15) is
where (•) denotes a derivative with respect to the nondimensional time τ, and
For simplicity, Eq. (16) is expressed to be
Converting Eq. (18) into a state-space form in the continuous time domain gives 
C. Floquet Analysis
Since the matrices A and B in Eq. (22) are periodic functions of time, their stability cannot be directly determined by standard eigenvalue analysis. A common stability analysis for periodic equations is the calculation of time histories of responses with respect to initial disturbances. 15 However, this method is cumbersome and cannot be used when the system is not neutrally stable. Therefore, Floquet analysis has been used in this study, and the Floquet Transition Matrix, which relates the state variables at the beginning and end of one period, is obtained. 16 Then, the dynamic stability of the periodic system can be determined from the eigenvalues of this Matrix.
The periodic aeroelastic equation [Eq. (22)] may be written as
where D(n) and G(n) are periodic with period T. If the freestream velocity is assumed to be sinusoidal [Eq. (4)], the period is determined by the frequency of stream pulsations (T=2π/Ω). Then, the stability of the system is taken to be identical with the stability of the transient solutions to Eq. (23).
The Floquet Transition Matrix, Q of the system is defined by
all sets of initial conditions [Γ 2 q]
T t=0 applied to Eq. (23) with G(n)=0. The eigenvalues of the Floquet Transition Matrix Q determine the dynamic stability of the periodic aeroelastic system. If any of the eigenvalues has a magnitude greater than unity, the system is unstable.
III. Numerical Results
A. Unsteady Aerodynamic Results
This section presents validation results of the new unsteady vortex lattice model under a steady inflow as well as a pulsating freestream. The input parameters of the model for steady inflow are based on Hall's work, 6 and those for a pulsating flow on Isaacs's works 12 (Table 1) . First, Wagner's problem of a step change in the angle of attack under a steady flow has been analyzed, and Fig. 2 shows the calculated unsteady lift under such conditions. For this case, the magnitude of freestream pulsations u has been set to zero. This new vortex lattice method results match the Wagner's function well. Figure 3 illustrates the time history of the calculated unsteady lift on a two-dimensional airfoil executing harmonic pitching and plunging motions in a pulsating stream when the airfoil is forced to pitch suddenly in the ramp from beginning at the nondimensional time of U ∞ t/b=0. In Fig. 3 , the unsteady lift in a pulsating stream normalized by the steady-state lift has been plotted versus nondimensional time. Also shown in Fig.  3 for comparison is Dinyavari and Friedmann's result, 5 which is the time-domain version of Greenberg's theory. 13 The results obtained from the new vortex lattice model agree well with Dinyavari and Friedmann's result. After sufficient time has passed, this unsteady lift from the new model matches Greenberg's value, which is the steady state solution obtained from the frequency domain analysis. For nondimensional time less than about 10, transient effects, which can be captured only with the time domain analysis, are visible. Greenberg has assumed fixed wake vortex spacing in his unsteady analysis and used the mean freestream velocity to define the position of the vortices in the airfoil wake. 5, 9, 13 The new model, which incorporates timevarying wake vortex spacing, has been used to test this assumption (Figs. 4-6) . A nondimensional velocity fluctuation amplitude
is defined as the ratio of magnitude of stream pulsations to far upstream velocity. Figure 4 shows unsteady lift under a pulsating flow with pulsating and fixed wake vortex spacing for ∞ U u =0.4, which is based on Isaacs's works. 12 Figure 5 shows corresponding results for Figure 4 clearly shows that the wake vortex spacing can be assumed to be fixed even under a pulsating flow when the nondimensional velocity fluctuation amplitude is 0.4. However, the differences in magnitudes of the lift between the pulsating and the fixed wake vortex spacing solutions become significant for the nondimensional velocity fluctuation amplitude of 0.8. However, the differences in the phase of the lift remain insignificant. Figure 6 shows the ratios of the lift (maximum lift, lift deviation, and mean lift) with pulsating wake vortex spacing and the lift with fixed wake vortex spacing plotted versus nondimensional velocity fluctuation amplitude.
The maximum lift, lift deviation, and mean lift are important for cracking, fatigue loading, and endurance limit, respectively. The difference between the maximum lift with the pulsating wake vortex spacing and that with fixed wake vortex spacing becomes significant above ∞ U u =0.41 because this difference is higher than 5%. For the lift deviation and mean lift, the differences become significant above 
B. Aeroelastic Stability Results
A typical section model used in this study is shown in Fig. 7 . This model has two degrees of freedom -plunge h and pitch α. Linear and torsional springs at the elastic axis act to restrain motion in bending and torsion, respectively. Shown in Table 2 are the structural parameters of the typical section model used in this study. These parameters of model for typical section are based on Hall's work. 6 The far upstream velocity U ∞ , when the aeroelastic system is about to become unstable, is called the timeaveraged flutter speed. Table 3 frequency Ω/ω α of stream pulsations vary. Figure 8 shows the time-averaged flutter speed plotted versus the magnitude of stream pulsations when the frequency of stream pulsations has been fixed to be π/10. The timeaveraged flutter speed decreases monotically as the magnitude of stream pulsations is increased. Thus, high magnitude of stream pulsation destabilizes the aeroelastic system. Figure 9 shows the time-averaged flutter speed plotted versus the frequency of stream pulsation when the nondimensional magnitude of pulsations has been fixed to be 0.5. Again, the time-averaged flutter speed decreases with increasing pulsation frequency. Thus, the pulsations of the freestream destabilize the aeroelastic system.
C. Forced Response of a Rotating Airfoil under a Pulsating Freestream
Consider an isolated rotor blade on a rigid disk which is rotating at a constant speed V (Fig. 10) . The timevarying pulsation in the absolute velocity, coupled with a constant rotational speed results in a time-varying angle of attack as well as a time-varying relative velocity. Since the homogeneous solution of the aeroelastic equations [Eq. Table 3 . Flutter speed under a steady flow.
Analysis
Flutter speed V-g analysis 2.0 Eigenmode analysis in discrete time domain 6 2.0 Eigenmode analysis in continuous time domain 7 2.0 Floquet analysis 1.9 Table 2 . Structural parameters of the typical section.
6,7
Parameters Figure 7 . Typical section model with two degrees of freedom.
(22)] determines the flutter characteristics, the rotor blade's flutter characteristics remain unchanged. However, the time-varying angle of attack leads to a forced response of the rotor blade, which is given by the nonhomogeneous solution of the same equations. Though Dugundji and Bundas previously investigated this issue, they solved an arbitrarily transient motion by fitting the sinusoidal aerodynamic coefficients of Whitehead's model in the frequency domain analysis using Pade approximation. 14 However, in this study, such forced response has been analyzed directly in the time domain using the newly developed model. Fig. 11 is larger than that due to the self-excited response in Fig. 3 , because the angle of attack is not constant in the case of the forced response. Thus, the maximum lift and lift deviation are higher and cracking and fatigue problems would be more pronounced in a turbomachinery blade than in a fixed wing. =0.4 at U ∞ t/b=0. These responses are obtained for two different far upstream speeds, one below the critical speed, the other higher than the flutter speed. Again, the flow coefficient U ∞ /V has been assumed to be 0.5. Flutter has not yet occurred at a nondimensional upstream relative velocity of 1.6. However, flutter has already begun at a nondimensional upstream relative velocity of 1.65. Thus, the time-averaged flutter speed, which corresponds to the relative velocity in Fig. 10 , has been calculated to be 1.63.
IV. Conclusion
The new conclusions of this study can be summarized as follows: 1. A new vortex lattice model has been developed to analyze i) the aeroelastic stability of an isolated airfoil under pulsating freestream conditions; and ii) the forced response analysis of an isolated blade rotating at a constant angular velocity.
2. From the aerodynamic point of view, the assumption of the fixed wake vortex spacing is not valid for 4 . 0 > ∞ U u , because of the differences in the maximum and mean lift. 3. In a pulsating freestream, high magnitude and frequency of stream pulsations decrease the time-averaged flutter speed and destablize the aeroelastic system. 4. For an isolated rotating airfoil (e.g. turbomachinery blade) under a pulsating freestream the aerodynamic forcing has a forced response component, in addition to the self-exited component, and, therefore, is larger than that for a non-rotating airfoil in a pulsating freestream. 
